
Ergodic Theory and Measured Group Theory
Lecture 7
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Now we'll deal with Iyf instead at f.
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,
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Ptwise ergodic for nonergodic . Intuitively ,

for an ergodic pomp T
,

the pointwise ergodic theorem sass is that T stirs
up

the whole ✗ so well tht it spreads ay
d- function f

evenly on ✗ making it the constant Sf dot .
f TO
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For a nonergodic T, we know tht 7- partition ✗ = KUK
,

a.t . T never moves any point at X
,
into X,

,
and vice versa

,
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to spreads A-
✗if over Xi evenly . If ✗ is partitioned

"

enough
" into invariant pieces , then is true and the piecewise

evened out version of f is called the conditional

expectation of f with respect to the r- algebra d- Borel
T - invariant sites

,

Def . let to be a sub -r-algebra of the Borel r- algebra BK) and
let FELIX

,
M

. An integrable function f- measurable w.at. A
is called the conditional expectation of fw.at . A if
YAEA

, Jedi = JFDM .

A A

Otfiial notation is Elf /A)
.

Exuple . let ✗ = 11,4×24×3 I let Abe the r - alg generated by
✗ i 4×1,112,4) .

The A-measurable
✗
i functions are exactly thou constant
Xu

on each Xi
.

Then f- 1¢
,
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Def
. For A as i. the def above

,
define eg.net. Ea on ✗ by ,

✗ Egg :<⇒ V- A- c- A
,
(✗ c-A <⇒YEA / .



Using the analytic separation theorem from descriptive set theory, one can show

that if A c- BIH is ctbly- generated, then the A-measurable functions are

precisely those Borel functions tht are EA - invariant lie .
constant on

every Ea
- dam)

.

Theorem
.
V-fc-HX.tl

,
Elf / A) exists .

Proof
. Suppose f-70

.
let f- be the measure given by df=fdY

i. e. BEX
,

NflB) =/ fdr . ut if
'

al M' be the

restrictions of f- I 913 to the o- algebra A. 1kt still,
Mf a 91

,
so 3- Radon-Nihodgm derivative f- :=dIg, , chick

hg def. is an f. measurable friction . Check ht
f- is E- If I A) .

iv. the projection
Reuwk

. For f- c- 14×14 , Elf /A) is the closest lie the Hilbert

Space Flyer) ) to f
among

all A-measurable factions
.

Ptwise ergodic for general T. let t be a pimp transformation on 14M).
V-fc.MX, d) ,

lip Aif = E- (fl Bil a. e.

where Bi is the 0- algebra of all I- invariant Borel sets
.



Proof. is the same as for ergodic T , just keep in mind kt His
only a T- inv function ( not necessarily constant)

,

E- ergodic theorem
.

let 14h) beast. prob. space .

Properties of IE Ifl A) . For my sub - o- alg .

AE BH) , theconditionalexpiation is an operator from liked to FIX,H
,

which is a contraction
,
i. e.

HEIFIA)Hp £11 ftp.V-fc-YH.4,
for all pal .

Proof
.
this follows from Jensen 's iuyaalih lice

. convexity of 1)%

qy.fi
. " the Pth pone at an average ±

the
average at ph powers .

this is similar to the averaging operator AI . . .

Bridge lemma! let u C- IN
,
T a pup trans

.
on IX. A)

,
fell HH.

(a) Jfddr =) Auf DM for every T - invariant set B .
B B

(b) 11 Anfllp c- llfllp Ir all pal , given 1- c- EH,r) .



Poof
. (a) Hg the and bridge lemma for IB ,
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(b) 11 An ftp://t.flpdts/Anlf1YdfcA-ineg
. convexity at 1)P
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